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Abstract. The signals in dark matter direct-detection experiments should exhibit modu-
lation signatures due to the Earth’s motion with respect to the Galactic dark matter halo.
The annual and daily modulations, due to the Earth’s revolution about the Sun and rota-
tion about its own axis, have been explored previously. Monthly modulation is another such
feature present in direct detection signals, and provides a nearly model-independent method
of distinguishing dark matter signal events from background. We study here monthly modu-
lations in detail for both WIMP and WISP dark matter searches, examining both the effect
of the motion of the Earth about the Earth-Moon barycenter and the gravitational focusing
due to the Moon. For WIMP searches, we calculate the monthly modulation of the count
rate and show the effects are too small to be observed in the foreseeable future. For WISP
dark matter experiments, we show that the photons generated by WISP to photon conversion
have frequencies which undergo a monthly modulating shift which is detectable with current
technology and which cannot in general be neglected in high resolution WISP searches.
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1 Introduction
There exists a preponderance of evidence that some form of non-baryonic dark matter makes
up a significant fraction of the mass in the universe; its detailed properties however, remain
a mystery [1]. Understanding the nature of dark matter holds considerable importance for
particle physics, high energy theory, astrophysics, and cosmology, and there has hence been a
great deal of effort expended toward achieving a better understanding of dark matter through
experiment. Several intriguing hints notwithstanding, there so far have been no conclusive
results to this end.
Many existing models for particle dark matter amenable to direct searches can be
broadly divided into two classes: Weakly Interacting Massive Particles (WIMPs) with typical
masses in the GeV to TeV range [2, 3], and Weakly Interacting Sub-eV Particles (WISPs)
with masses below an eV [4–6]. Candidates for WIMPs include the lightest supersymmetric
particle and the lightest Kaluza-Klein particle, while WISP candidates include axions, axion-
like particles, and hidden photons. Despite the different underlying physics and production
mechanisms, WIMPs and WISPs are both expected to be cold and nearly collisionless today,
making both classes of particles viable candidates for the cold dark matter that is present
in our universe. Furthermore, the dynamics of structure formation are largely insensitive to
the detailed nature of cold dark matter, and so we can predict the properties of dark matter
halos without restricting ourselves to a particular class of models.
Dark matter direct-detection experiments seek to measure the interaction of dark matter
particles streaming through the Earth with standard model particles present in a detector.
Such experiments are clearly sensitive to the differing properties of dark matter, and so we
must distinguish experiments aimed at detecting WIMPs from those which attempt to detect
WISPs. For WIMP dark matter searches, collisions of dark matter particles with the atoms
in the detector material may result in ionization along with the deposit of heat and/or light,
which are registered by the detector [7–9]. Many such experiments are currently in operation
around the world (see Sec. 25 of [1] for a recent survey of the experimental situation). On the
other hand, experiments which look for WISP dark matter attempt to detect their conversion
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to photons in an electromagnetic cavity permeated by a large static magnetic field1. A small
but increasing number of WISP dark matter detection experiments are currently underway
[10–13].
One of the main challenges that WIMP detection experiments face is the presence of
backgrounds. For instance, cosmic rays and radioactive decays in the material in and around
the experiment can create signals which mimic those of dark matter scattering events. Due to
such effects, experiments are often carried out underground with large amounts of shielding,
and also employ sophisticated methods for distinguishing background events from candidate
signal events. Despite these efforts to minimize the number of background events, they can
never be completely removed from the data.
One method which has been proposed to distinguish dark matter scattering events from
the background is to study the time dependence of the event rate [14–16]. Specifically, since
the motion of a detector relative to the dark matter halo affects the observed event rate by
altering the incoming flux of dark matter particles, there should be modulation signatures in
the rate count whose details are largely independent of dark matter properties and detector
physics, though they are sensitive to the local dark matter phase space distribution [14–16].
Annual modulation is the most prominent example of such an effect, and it arises due to the
annual motion of Earthbound detectors around the Sun.
The DAMA experiment has operated for more than a decade and has reported with high
significance an annually modulating rate of dark matter candidate events [17]. Although the
amplitude and phase of the modulation seem to agree well with the modulation expected
for dark matter events in the simplest astrophysical scenarios, an interpretation in terms
of dark matter seems to be at odds with the null results from several other direct-detection
experiments [18–23]. While it was possible for a time to evade the constraints with particular
parameter choices in some specific WIMP models [24], the increased sensitivity and exposure
of WIMP detectors has made such explanations of the signal much more difficult. This
disagreement has led some to propose that the annual modulation seen in DAMA data is due
to background events which themselves modulate annually (see e.g. [25–27]), though some of
these proposals have been disputed by the DAMA collaboration and others [28–30]. Several
of these criticisms are grounded on the fact that many physical quantities (temperature,
cosmic ray activity, solar neutrino flux) vary on an annual cycle, which could in principle
result in an annually modulating event rate. Addressing the veracity of these claims and
counter-claims is outside the scope of this paper.
In addition to annual modulation, the daily rotation of the Earth results in a diurnal
modulation of the dark matter flux [31–34]. While a detection of a diurnal modulation
accompanying an annual one would provide great support to the dark matter interpretation
of any proposed detection, there are several quantities (similar to those detailed above) which
change on a daily cycle, and could also conceivably cause a diurnally modulating background
event rate. Furthermore, the diurnal modulation of the dark matter event rate results from
a combination of the diurnal cycle of the detector velocity, the gravitational focusing of
dark matter due to the Earth, and eclipsing of the stream of dark matter particles which
pass through the bulk of the Earth, making predictions for the specific form of the diurnal
modulation more complicated and model-dependent than the annual modulation.
The Earth also undergoes a monthly motion due to its interaction with the Moon, and
this “wobble” of the Earth about the Earth-Moon barycenter results in a monthly mod-
1The magnetic field is irrelevant for hidden photons but is a necessary component for axion-like particles.
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ulation of the dark matter event rate. As we shall see, the expected modulation, though
unambiguously present and nearly model-independent, is quite small. In contrast to the
daily and annual modulations however, far fewer potential sources of background change
over a monthly cycle, making a detection of monthly modulation an extremely convincing
confirmation of the detection of dark matter.2 It is worth mentioning at the outset that even
though the exposure required to detect monthly modulation far exceeds current experimen-
tal capabilities, fully characterizing the expected dark matter signal is useful even without a
detection.
WISP detection experiments are also affected by the periodic motion of the Earth. In
particular, WISPs are converted into photons inside the detector, and the frequency of the
photons is determined by the energy of the incoming WISP particles. The motion of the
Earth relative to the dark matter halo produces a non-trivial shift in the energy of the dark
matter particles, and thus causes periodic shifts in the frequency of observed photons. For
experiments such as the Axion Dark Matter eXperiment (ADMX) [10, 11] which rely on
resonant production of photons [36], these shifts in frequency due to the annual and diurnal
motion of the Earth must be accounted for in the search strategy [32]. Broadband WISP
searches which do not rely on resonant enhancement are less sensitive to these periodic
frequency shifts, but are capable of directional detection of WISPs and can in principle
observe periodic changes in the direction of the WISP flux [37]. The monthly motion of
the Earth also leads to a modulation of the frequency of the photons produced in WISP
dark matter experiments. Though smaller than the annual and diurnal frequency shifts, the
monthly modulation is at a level which is detectable with present technology, and in general
cannot be neglected in the analysis of the ADMX data.
Similarly to the WIMP case, the time dependence of the signal in WISP searches can be
used to discriminate signal from background since terrestrial sources which could be confused
for WISPs in the detector are not expected to share the same modulating frequency. If WISP
dark matter is detected, it will be very useful to study in detail the local velocity distribution,
and a proper mapping of photon frequency onto dark matter velocity requires a detailed
accounting of the motion of the Earth. It is therefore important to understand what level
of modulation is expected in WISP direct-detection experiments, including that due to the
monthly motion of the Earth.
In this work, we study in detail the monthly modulation anticipated in dark matter
direct-detection experiments. Sec. 2 reviews the relevant background material and defines the
notation used throughout the paper. In Sec. 3, we examine the monthly modulation expected
in WIMP and WISP dark matter searches. We examine two sources of monthly modulation
in the signals: the motion of the Earth about the Earth-Moon barycenter, and gravitational
focusing due to the Moon. For the WIMP case, we demonstrate that the monthly modulation
depends on both the sidereal and synodic monthly periods, leading to an annually-varying
amplitude for the monthly modulation. Further, we show that the gravitational focusing due
to the moon has a negligible impact on the monthly modulation signal. For WISP searches,
we show that the monthly motion of the Earth and the eccentricity of the Moon’s orbit lead to
periodic shifts in signal frequency which in general must be taken into account. We conclude
2It is well known that tides undergo a monthly cycle, and though this seems the most readily identifiable
process which could conceivably result in a monthly modulating background, it is not obvious how tides would
affect the event rates of dark matter detectors. The sun has a (latitude dependent) synodic rotation period
of around 27 days [35], and could in principle affect detectors on Earth in various ways. We thank Peter
Sturrock for drawing our attention to this latter point.
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in Sec. 4. The details of the coordinates and velocities we use are specified in Appendix A.
2 Background and Notation
Although they differ in the details, both WIMP and WISP dark matter direct-detection ex-
periments are sensitive to the local density and velocity distribution of dark matter. The
expected signals in these experiments contain several sources of time dependence. The dark
matter density and distribution function in the solar neighborhood, for instance, are in prin-
ciple inherently time dependent, though we will assume that any variation in these quantities
occurs on time scales much longer than the relevant observations, and can thus be neglected.
A more important source of time dependence is the motion of the detector relative to the rest
frame of the dark matter halo, which changes the portion of the distribution function which
is sampled by the experiment. Hence, the signal depends on the velocity of the detector. As
stated in Sec. 1, the most prominent of this sort of effect is an annual modulation due to
the Earth’s motion around the Sun, though there also exists a daily modulation due to the
rotation of the Earth and a monthly modulation due to the motion of the Earth about the
Earth-Moon barycenter. Also, the gravitational influence of bodies near the detector distorts
the local dark matter density and velocity distribution, which gives the signal a dependence
upon the position of the detector relative to these bodies.
Let us first examine the effect of the Earth’s motion. Suppose the velocity distribution
of the dark matter halo is given by some f˜(v). If we ignore gravitational focusing, this
distribution is related to the dark matter distribution in the Lab frame f(v, t) by the Galilean
transformation
f(v, t) = f˜(v + vobs(t)) , (2.1)
where vobs(t) is the velocity of the detector relative to the dark matter halo frame. Setting
aside the effect of the Earth’s rotation, vobs(t) is given by
vobs(t) = v⊙ + ves(t) , (2.2)
where v⊙ ≈ (11, 232, 7) km/s is the velocity of the Sun in Galactic coordinates [38, 39], and
ves(t) is the velocity of the Earth in the Solar frame.
3 This latter velocity vector undergoes
periodic changes due to the motion of the Earth which results in periodic modulation of the
signals expected in dark matter direct-detection experiments.
The most significant periodic motion of the Earth is the annual orbit around the Sun.
In addition, the Earth also undergoes a monthly motion due to the gravitational interaction
with the Moon. The barycenter for the Earth-Moon system is located on the line joining
their centers at a distance of
rem
1 + MeMm
≈ 4661 km (2.3)
(roughly three-fourths of the Earth’s radius) from the center of the Earth. Here rem is the
distance between the centers of the Earth and Moon, and Me and Mm are their respective
masses.4 Including the monthly motion of the Earth around the Earth-Moon barycenter veb
3Throughout this work we use the notation rxy to denote the position of X as measured from Y, and vxy
to denote the velocity of X relative to Y. The letter S refers to the Sun, E to the Earth, M to the Moon, and
B to the Earth-Moon barycenter.
4The precise description of the orbit of the Earth-Moon system is complicated by the non-negligible effect
of the Sun’s gravitational force on the system, but it will be sufficient for our purposes to treat the orbit of
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in the velocity of the detector vobs above results in a monthly modulation in the detection
signal in addition the annual one.
To introduce the effect of gravitational focusing, we use the fact that Liouville’s theorem
guarantees the constancy of the phase-space density of dark matter particles along their
trajectories [40]. For dark matter particles passing near the Sun and arriving at the Earth,
we therefore have
ρχf(v, t) = ρ∞f˜(v⊙ + v∞,s[ves(t) + v]) , (2.4)
where ρ∞ is the dark matter density asymptotically far away from Sun’s gravitational well.
The function v∞,s[v] is derived from the conservation of the Laplace-Runge-Lenz vector
[41, 42] and specifies the velocity v∞,s a particle must have far away from the Sun in order
to arrive at the Earth with a velocity v as measured in the Solar frame. As such, it describes
the gravitational focusing effect of the Sun and is given by
v∞,s[v] =
v2∞,s v + v∞,s u2esc,s rˆes/2− v∞,s v (v · rˆes)
v2∞,s + u2esc,s/2− v∞,s (v · rˆes)
, (2.5)
where v2∞,s = v2−u2esc,s from conservation of energy, and uesc,s =
√
2GM⊙/res(t) ≈ 40 km/s
is the escape velocity from the Sun near the Earth’s orbit. Hence, Eq. (2.4) captures the
complete picture of annual modulation in the velocity distribution of dark matter in the Lab
frame; it includes the both the annually-modulating velocity of the Earth around the Sun,
and the effect of the Sun’s gravitational focusing.
Finally, just as in the case of the Sun, the gravitational well of the Moon distorts the
local distribution of dark matter. As a result, the position of the Moon relative to the Earth
affects the scattering rate, and introduces an additional source of monthly modulation. In
the absence of other masses, the velocity v∞,m that a particle must have infinitely far from
the Moon in order to have a velocity v (in the Lunar frame) at the position of the Earth, is
given by straightforward modifications to Eq. (2.5):
v∞,m[v] =
v2∞,m v + v∞,m u2esc,m rˆem/2− v∞,m v (v · rˆem)
v2∞,m + u2esc,m/2− v∞,m (v · rˆem)
. (2.6)
Here, v2∞,m = v2 − u2esc,m , uesc,m =
√
2GMm/rem(t) ≈ 0.1 km/s, and rem(t) is the position of
the Earth in the Lunar frame. We note here that in reality, any particle which passes near
the Moon is also necessarily affected by the gravitational pull of the Sun. To account for this,
we will make the approximation that the Sun’s gravitational potential does not appreciably
change in the vicinity of the Moon, so that we can take the incoming velocity of a particle in
the Lunar frame to be given by the result of the Sun’s gravitational deflection at the position
of the Moon.5
the Earth around the barycenter as an ellipse which is slightly inclined (by about 5.2◦) relative to the ecliptic,
with the orbital period of a sidereal month, Tsid ≈ 27.32 days. See Appendix A for a more detailed description
of the orbits.
5Additionally, one may worry that the Moon is accelerating with respect to the dark matter halo, and
thus does not create a steady-state wake of dark matter as does the Sun which moves smoothly with respect
the the dark matter halo. Typical dark matter particles cross the gravitational well of the Moon in a matter
of a few hours, during which the moon changes its position relative to the Earth by only a small fraction
of Earth-Moon distance, and so the effect of the acceleration of the Moon can be safely neglected for our
purposes.
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Putting all of this together then, the phase space density of dark matter in the Lab
frame is given by
ρχf(v, t) = ρ∞f˜ (v⊙ + v∞,s[vms + v∞,m[vem + v]]) , (2.7)
where vms is the velocity of the Moon in the Solar frame. Notice that the effects of annual
and monthly motion of the Earth, as well as the the gravitational focusing due to the Sun
and Moon have all been included here.
3 Monthly Modulation
3.1 WIMP Detection Experiments
Dark matter direct-detection experiments seek to measure the recoil of nuclei in a detector
due to scattering with dark matter particles. The differential scattering rate for such events
is given by
dR
dEnr
=
ρχ
2mχµ2
σ(q2)η(vmin, t) , (3.1)
where Enr is the nuclear recoil energy, ρχ is the local dark matter density, mχ is the dark
matter mass, µ is the reduced mass of the dark matter-nucleus system, q is the momentum
transfer, σ(q2) is the effective cross section of collision, and
η(vmin, t) =
∫ ∞
vmin
f(v, t)
v
d3v , (3.2)
where f(v, t) is the dark matter velocity distribution in the Lab frame, and vmin is the
minimum velocity required of an incoming dark matter particle to produce a recoil energy
Enr. We will assume in this section that the velocity distribution of WIMPs in the halo rest
frame is given by the Standard Halo Model
f˜(v) =


1
Nesc
(
1
piv2
0
)3/2
e−v
2/v2
0 , |v| < vesc ,
0 , else ,
(3.3)
where
Nesc = erf(z)− 2√
pi
z e−z
2
, (3.4)
and z ≡ vesc/v0. We take v0 = 220 km/s and set the escape velocity from the Galaxy to
be vesc = 550 km/s [40, 43]. Small modifications to this velocity distribution should not
strongly affect the conclusions of this section, though there are velocity distributions which
can drastically affect modulation signatures [33].
3.1.1 Motion of the Earth around the Earth-Moon Barycenter
The relationship between the velocity distribution of dark matter in the Galactic frame and
the velocity distribution of dark matter in the Lab frame was given above by the Galilean
transform Eq. (2.1). To examine the monthly modulation in the detection signal, we set
vobs(t) = v⊙ + veb(t) + vbs(t) , (3.5)
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where vbs is the velocity of the Earth-Moon barycenter around the Sun (see Appendix A
for the details). It is clear that the inclusion of the wobble of the Earth about the Earth-
Moon barycenter in the definition of vobs will add some form of a monthly modulation
to the differential rate, and we can estimate its size to be on the order veb/vbs ≈ (1.3 ×
10−2 km/s)/(30 km/s) ≈ 0.04% of the size of the annual modulation. Since the annual motion
of the Earth around the Sun itself causes the rate to modulate by about vbs/(4v⊙) ≈ 3%
for vmin ∼ v0 [9, 33], the monthly modulation should be approximately 10−5 times the size
of the mean rate for similar detector thresholds. We now investigate this monthly effect in
more detail.
If we neglect gravitational focusing, the function η(vmin, t) defined in Eq. (3.2) reads
η(vmin, t) =
∫ ∞
vmin
f˜ (vobs(t) + v)
v
d3v ≡ η(vmin, vobs(t)) , (3.6)
where we have used the fact that for the Standard Halo Model in the absence of gravitational
focusing, the time dependence of the mean inverse speed η(vmin, t) enters only through the
speed of the detector relative to the dark matter halo, vobs(t). This integral can be evaluated
analytically [9, 44, 45] to obtain
η(vmin, vobs(t)) =


1
2Nescyv0
[
erf(x+ y)− erf(x− y)− 4√
pi
y e−z
2
]
, x < z − y ,
1
2Nescyv0
[
erf(z)− erf(x− y)− 2(y+z−x)√
pi
e−z2
]
, z − y < x < z + y ,
0 , x > z + y ,
(3.7)
where we have defined x ≡ vmin/v0 and y ≡ vobs(t)/v0 ; recall that z ≡ vesc/v0.
In order to isolate the effects of the Earth’s motion about the Earth-Moon barycenter,
we subtract from Eq. (3.6) the effects of the annual motion of the Earth around the Sun,
which can be obtained by computing η without the barycentric wobble of the Earth:
∆η(vmin, t) = η(vmin, |v⊙ + ves(t)|)− η(vmin, |v⊙ + vbs(t)|) . (3.8)
Fig. 1 shows a plot of this residual function at vmin = 100 km/s. Note that for the modulation
plots throughout this work, we will plot the dimensionless “fractional modulation” on the
y-axis (defined as ∆η/〈η〉, where angle brackets refer to the time average) to indicate the size
of the modulation as compared to the mean rate, and time measured in days from J2000.0
on the x-axis.
First, notice from the figure that the estimate we made above of the relative size of the
monthly modulation to the annual is in fact a good one. It is clear however, that the effect of
the Earth’s wobble is more complicated than a simple monthly modulation: the amplitude
of the monthly modulation itself modulates annually.
In order to explain this behavior, we will treat the velocity of the Earth relative to the
Earth-Moon barycenter veb(t) as a small perturbation to vobs(t) in η. Using the spherical
symmetry of the distribution function, the Taylor expansion of η reads
η (vmin, |v˜obs + δvobs|) = η (vmin, |v˜obs|) + ∂η (vmin, vobs)
∂vobs
∣∣∣∣
vobs=v˜obs
(
ˆ˜vobs · δvobs
)
+O(δv 2obs) .
(3.9)
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Figure 1: Plotted in blue is the fractional modulation over two years (starting from
J2000.0), for vmin = 100 km/s. The fractional modulation is defined as ∆η/〈η〉
(with ∆η itself defined in Eq. (3.8)). The dashed red line is the plot of the
fractional modulation using the approximation to ∆η given in Eq. (3.10).
We can hence approximate the residual function Eq. (3.8) up to terms of order v2eb as
∆η(vmin, t) ≃ ∂η (vmin, vobs)
∂vobs
∣∣∣∣
vobs=|v⊙+vbs(t)|
(
v⊙ + vbs(t)
|v⊙ + vbs(t)| · veb(t)
)
, (3.10)
where we have made the identifications v˜obs(t) = v⊙ + vbs(t) and δvobs(t) = veb(t). Fig 1
shows that this approximation provides an excellent fit to ∆η.
Since Eq. (3.10) is such a good approximation to ∆η, it is worth examining it in some
detail. We shall see presently that it analytically describes all of the features of ∆η, both as
a function of vmin and t.
Consider then the time dependence of the dot product appearing in Eq. (3.10) (this is
plotted in Fig. 2). The unit vectors vˆbs and vˆeb to zeroth order in eccentricity take the form
vˆbs(t) = ǫˆ1 cos (ωyrt− φ1) + ǫˆ2 sin (ωyrt− φ1) , (3.11)
vˆeb(t) = ǫˆ1,m cos (ωsidt− φ2) + ǫˆ2,m sin (ωsidt− φ2) , (3.12)
where ωyr = 2pi/Tyr and ωsid = 2pi/Tsid are the angular frequencies associated with the
periods of the orbits of the Earth around the Sun, and the Moon around the Earth (as
measured against the celestial sphere), respectively. We will leave the phases unspecified in
these intermediate steps for clarity, but it is straightforward to retain them throughout the
calculation. The dot product of these unit vectors is given by
vˆbs(t) · vˆeb(t) = 1 + cos im
2
cos ((ωsid − ωyr)t− φ3) + 1− cos im
2
cos ((ωsid + ωyr)t− φ4) ,
(3.13)
where im ≈ 5.2◦ is the inclination of the orbital plane of the Moon with respect to the
ecliptic. We approximate cos im ≈ 1 for simplicity here. Recognizing the difference between
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the sidereal and annual frequencies as precisely the synodic frequency, ωsyn ≡ ωsid − ωyr, we
obtain
vˆbs(t) · vˆeb(t) ≃ cos (ωsynt− φ3) . (3.14)
We can now use this result to compute the dot product appearing in Eq. (3.10):
P(t) ≡
(
v⊙ + vbs(t)
|v⊙ + vbs(t)| · veb(t)
)
≃ veb|v⊙ + vbs(t)| [v⊙bm cos (ωsid(t− t1)) + vbs cos (ωsyn(t− t2))]
=
veb
|v⊙ + vbs(t)|
[
(v⊙bm − vbs) cos (ωsid(t− t1))
+ 2vbs cos
(
ωsyn + ωsid
2
t− φa
)
cos
(ωyr
2
t− φb
)]
, (3.15)
where t1 is the time when veb is most nearly parallel to v⊙, and t2 is the time when
veb is most nearly parallel to vbs. We have further defined the geometric factor bm ≡√
(vˆ⊙ · ǫˆ1,m)2 + (vˆ⊙ · ǫˆ2,m)2 ≃ 0.45, which accounts for the alignment of the Moon’s orbital
plane with the motion of the Sun. The synodic period Tsyn ≈ 29.53 days is the average
period of the Moon’s revolution with respect to the line joining the Sun and Earth, and thus
determines the period of the moon’s phases. From this equation therefore, we see that P(t)
depends both on the synodic and the sidereal period of the Earth’s wobble about the Earth-
Moon barycenter, and it is the presence of both these frequencies in the residual function
produces that an annual “beat” in the differential scattering rate.
0 100 200 300 400 500 600 700
-0.4
-0.2
0.0
0.2
0.4
t HdaysL
P
Ht
L
Hk
m
s
L
Figure 2: Plot showing the time dependence of P(t), defined in Eq. (3.15). Notice that
due to the presence of terms with both the sidereal and synodic monthly
periods, P(t) exhibits an annual “beat” which then also appears in ∆η; see
Fig. 1 for comparison.
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We turn now to the functional dependence of the fractional modulation ∆η on vmin,
which is directly related to detector energy threshold. In Fig. 3 we plot ∆η for four different
values of vmin. Note that both ∆η and 〈η〉 are functions of the threshold speed vmin. 〈η〉 is
a monotonically decreasing function of vmin (see Fig. 4), while the behavior of ∆η is more
complicated and is described by the function
A(vmin, t) ≡ ∂η(vmin, vobs)
∂vobs
∣∣∣∣
vobs=|v⊙+vbs(t)|
, (3.16)
which is the other piece of the approximation Eq. (3.10) above. It can be computed analyt-
ically:
A(vmin, t) =


1
2Nescy2v20
[
− erf(x+ y) + erf(x− y) + 2√
pi
y
(
e−(x+y)
2
+e−(x−y)
2
)]
, x < z − y ,
1
2Nescy2v20
[
− erf(z) + erf(x− y)− 2√
pi
(
(z − x) e−z2 +y e−(x−y)2
)]
, z − y < x < z + y ,
0 , x > z + y .
(3.17)
See Fig. 5 for plots of this function.
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Figure 3: We plot here the fractional modulation ∆η/〈η〉 for various values of vmin. The
increasing amplitude on the y-axis for larger values of vmin is primarily due to
the decrease in 〈η〉 (see Fig. 4). The changes in shape come from the vmin
dependence of the function A (see Fig. 5).
First, consider the amplitude of the fractional modulation shown in Fig. 1 and Fig. 3.
We see (apart from a decrease in amplitude between vmin = 100 km/s and vmin = 200 km/s)
that the size of fractional modulation increases with vmin, which might seem to imply that
modulation is most easily detectable for experiments with high detector threshold. But since
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Figure 4: This plot shows the time-averaged mean inverse speed 〈η〉 as a function of vmin;
notice that it is a monotonically decreasing function of vmin and that it drops to
zero for vmin & 800 km/s.
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(a) A slice of A along t = 0, showing the
vmin dependence.
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(b) A slice of A along vmin = 100 km/s,
showing the time dependence.
Figure 5: Plots showing the function A(vmin, t) defined in Eq. (3.16).
the mean rate decreases quite rapidly with vmin (Fig. 4), the small mean rate in this range
makes any detection of dark matter more difficult than for experiments with lower thresholds,
despite the large fractional modulation at high vmin.
Another aspect of A that is important in describing features of ∆η is that for a fixed
vmin, A modulates annually with t; see Fig. 5b. Note that this effect is distinct from, and
competes with, the annual beat in P, shown earlier in Fig. 2. For instance, the annual
envelope in ∆η for vmin in the range 220− 300 km/s is muted compared to the envelope for
P, because the annual feature in A is out of phase with the annual envelope in P in this
range. Then for vmin in the range 300− 330 km/s, the envelope looks much closer to that of
P, since the annual feature of A flattens out for these values. Finally, for vmin ≥ 330 km/s,
the characteristics of the envelope in ∆η are pronounced, owing to the fact that the peaks
and troughs of A are now in phase with those of P.
Additionally, because A is negative for vmin . 200 km/s, the fractional modulation has
a phase opposite that of P in this range; compare Figs. 1 and 2. In fact, this flip causes the
annual components of A and P to line up, accentuating the annual envelope in ∆η. The
crossing of A from negative to positive at vmin ≈ 200 km/s causes a shift in the peak of the
annual envelope from early December to early June, which in turn results in the peak of the
monthly modulation shifting by about two weeks; this can be used to determine the dark
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matter mass [46].
3.1.2 Gravitational Focusing by the Moon
The gravitational well of the Moon distorts the local distribution of dark matter and intro-
duces an additional source of modulation in the rate count of direct-detection experiments.
In this section, we examine this focusing effect. Recalling Eq. (2.7) which related the Lab
frame and Galactic frame velocity distributions of dark matter, and putting it together with
the expression for the mean inverse speed Eq. (3.2), we obtain the following:
ρχ
∫ ∞
vmin
f (v, t)
v
d3v = ρ∞
∫ ∞
vmin
f˜ (v⊙ + v∞,s[vms + v∞,m[vem + v]])
v
d3v . (3.18)
Here, vms is the velocity of the Moon in the Solar frame. Notice that the effects of annual
and monthly motion of the Earth, as well as the the gravitational focusing due to the Sun
and Moon have been included here.
To estimate the effects of gravitational focusing, we first note that focusing effects peak
when the detector is positioned most nearly behind the focusing body with respect to the
stream of incoming dark matter particles, and this occurs a quarter period before (or after)
the peak of the modulation due to the motion of the detector, which itself occurs when the
detector moves most nearly toward (or away from) the stream of incoming particles. Said
another way, the two effects peak at different times, so it is their relative size which determines
the position of the peak in the actual rate count observed at a detector. In the case of the
annual modulation, since the size of the effect of the Sun’s gravitational focusing is similar in
magnitude to the effect of the Earth’s motion around the Sun (for low detector thresholds),
gravitational focusing results in a phase shift of the annual modulation [40]. Hence, in order
to determine whether a similar effect exists for the monthly modulation, we need to estimate
the magnitude of the effect of the gravitational focusing effect due to the Moon, and compare
it to the size of the effect of the Earth’s barycentric wobble.
The modulation due to the focusing of the Moon scales roughly as (uesc,m/v)
2 [40], and
so for v = 300 km/s, we expect a monthly modulation on the order of 10−7% of the mean
rate due to the gravitational focusing of the Moon alone. We have already estimated that the
relative size of the barycentric effect to the annual is veb/vbs ≈ 0.04%, and as stated above,
the annual motion of the Earth around the Sun causes the mean rate to modulate by about
vbs/(4v⊙) ≈ 3%. Therefore, we see that relative size of the effect of the Moon’s gravitational
focusing to the barycentric motion is approximately
(uesc,m
v
)2
/
(
veb
vbs
vbs
4v⊙
)
= 0.008% , (3.19)
and so we expect a negligible modification to the monthly modulation as a result of the
Moon’s gravitational focusing.
To confirm this estimate, we carried out the full computation as follows. Since the
integral appearing in Eq. (3.18) cannot be evaluated analytically, we computed it numerically,
and studied the function
∆ηm(vmin, t) ≡
∫ ∞
vmin
[
f˜ (v⊙ + v∞,s[vms + v∞,m[vem + v]])
v
− f˜ (v⊙ + v∞,s[vbs + v])
v
]
d3v ,
(3.20)
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where the second term includes only the effects of annual modulation compounded by the
Sun’s gravitational focusing. The function ∆ηm then, is a residual of all monthly signatures:
it includes the effects of the barycentric motion of the Earth and the gravitational focusing
of the Moon, and any compound effects.
We fit ∆ηm for various vmin and t with functions of the form
∆ηm,fit = C +A cos (ωsidt− φa) +B cos (ωsynt− φb) (3.21)
and compared the amplitudes, A andB, and the phases, φa and φb, with those from analogous
fits made to ∆η from Eq. (3.8). We found that the parameters of the fit were essentially
unchanged, confirming that the gravitational focusing of the Moon has a negligible impact on
the monthly modulation from the barycentric wobble. One can further see this by computing
the function ∆ηm−∆η, which isolates the effect of the Moon’s gravitational focusing on the
rate; see Fig. 6 for a plot. Notice that the graph shares several features with that of ∆η,
most noticeably the annual envelope, which arises once again from the interaction between
ωsid and ωsyn. More significant is the fact that the fractional modulation of ∆ηm −∆η, even
though larger for vmin = 100 km/s than the estimate made above, is significantly smaller
than the fractional modulation for ∆η itself. Further, the effect of gravitational focusing
decreases with increasing threshold speed, and so it is even less important for higher vmin.
For all practical purposes then, the gravitational focusing due to the Moon can be ignored
when considering monthly modulations in the rate.
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Figure 6: Isolating the effect of the Moon’s gravitational focusing, this plot shows
(∆ηm −∆η) /〈η〉 at vmin = 100 km/s over two years. The amplitude is even
smaller for larger values of vmin. Some numerical noise has been introduced by
the integration methods used to construct this plot.
In addition to ∆ηm, several other residual functions were computed and examined to
check for interplay between the various effects discussed above. For instance, we studied the
interaction between the gravitational focusing due to the Sun and the annual envelope of
the barycentric wobble signature. The findings from these computations can be summarized
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simply as follows: (a) the annual modulation compounded by the effects of the Sun’s gravi-
tational focusing is the most dominant feature in the rate, and it is essentially unaffected by
the addition of the barycentric wobble to the velocity, and (b) the monthly modulation due
to the Earth’s motion about the Earth-Moon barycenter, as seen most directly by computing
the residual function ∆η, is not significantly affected by focusing from either the Sun or the
Moon.
3.2 WISP Detection Experiments
Direct searches for WISP dark matter seek to observe the conversion of a WISP particle
into a photon inside a detector. The energy of the resulting photon is determined by energy
conservation to be
hf = mc2
(
1 +
1
2
v2
c2
)
, (3.22)
where m is the mass of the WISP particle, and v is the speed of the particle relative to
the detector. This conversion can be made more efficient in a resonant cavity when the
frequency of the photons produced matches the resonant frequency of the cavity [36]. This
is the strategy pursued for example by ADMX [10, 11]. The frequency of the signal from
WISP to photon conversion is measured much more accurately than the power, and so we
will focus our attention on the time dependence of the observed frequency.
For WISPs moving at a fixed velocity relative to the Sun, changes in the detector velocity
due to the motion of the Earth result in modulation of the observed photon frequency. The
shift in frequency ∆f due to a small change in the velocity of the detector relative to the
incoming WISPs ∆v is given by
∆f =
f0v∆v
c2
, (3.23)
where f0 =
mc2
h . For WISPs with mass around 2 µeV, we have f0 ≈ 500 MHz, which is
within the search window of ADMX [10, 11].
In section 3.1 above, we made a rather simple assumption about the dark matter veloc-
ity distribution. However, since WISP dark matter searches are more sensitive to the velocity
of incoming dark matter particles, it is useful to relax this assumption here. The velocity
distribution of our dark matter halo may contain components with very low velocity disper-
sion, as is expected for example in the caustic ring model [47, 48] or due to late infall of dark
matter [49, 50]. These cold flows typically have a very small spread of velocities with a mean
ranging from about 100 km/s to about 1000 km/s. In the event that the dark matter velocity
distribution contains such low velocity dispersion components, a higher signal-to-noise can
be achieved in experiments like ADMX by scanning over narrower frequency bins [51–53].
High resolution searches of this type are currently underway at ADMX, and the maximum
resolution presently utilized in ADMX has a bin size of 19 mHz.
The daily rotation of the Earth and its annual orbit around the Sun result in frequency
shifts which must be taken into account in experiments like the high resolution search of
ADMX [32]. The monthly motion of the Earth about the Earth-Moon barycenter also results
in a modulation of the expected photon frequency which cannot be neglected in general. For
example, a cold flow of 2 µeV WISPs with velocity 600 km/s directed in the plane of the
Moon’s orbit will produce photons with a frequency which differs by 87 mHz compared to
those produced two weeks later (neglecting here the annual and daily motion of the Earth).
Since this frequency shift is larger than the minimum bin size that is utilized in ADMX, it
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must in general be taken into account when analyzing the data, especially when combining
data collected days or weeks apart.
Gravitational focusing by the sun results in an annual modulation of the signal frequency
for WISP searches [32], and gravitational focusing by the Moon also contributes to a monthly
modulation of the signal frequency. If the Moon were at a constant distance from the Earth,
all incoming dark matter particles would have their kinetic energy increased by the same
amount due to the gravitational attraction of the Moon. This would create a constant upward
shift in the frequencies of all photons detected in a WISP search. Due to the eccentricity of
the Moon’s orbit, however, there is a monthly periodicity to this effect, leading to a difference
of about 9 m/s in the speed of incoming WISPs when the Moon is at apogee compared to
when it is at perigee. For 2 µeV WISPs with a velocity of 600 km/s, this leads to a shift
of about 30 mHz in the detected frequency, which is also larger than the minimum bin size
used in the ADMX high resolution search. As a result, both the time-dependent distance to
the Moon and the motion of the Earth about the Earth-Moon barycenter must be taken into
account in order to properly treat the monthly modulation of WISP signal frequencies.
If the dark matter halo of our galaxy is well described by a smooth velocity distribution,
like the Standard Halo Model defined in Eq. (3.3), it will be more difficult to detect the
effects of monthly modulation. In this case, the WISP signal would be non-vanishing over a
frequency range which is quite broad compared to the frequency shifts due to modulation. For
2 µeV WISP dark matter described by the Standard Halo Model, the signal would smoothly
vary over a range of about 700 Hz, while the frequency shifts due to the motion of the Earth
about the Earth-Moon barycenter and the gravitational focusing of the moon would lead to
shifts of the entire signal by tens of mHz with a monthly period. The fractional change in
any given frequency bin due to monthly modulation would be on the order of 10−4. While
this shift is detectable in principle, it would be very difficult to do so in practice. For this
reason, if our dark matter halo has a velocity distribution with some non-trivial features, it
would allow a much easier detection of modulation effects.
Just as in the case of WIMP searches, the modulation of candidate WISP signal fre-
quency could be used to distinguish such events from background, which would not be ex-
pected to undergo the same modulation. Furthermore, if we are fortunate enough to detect
WISP dark matter in an experiment like ADMX, it would be very interesting to follow up
such a detection by making a detailed study of the local velocity distribution of dark matter.
A proper mapping of detected photon frequencies to dark matter velocities requires a careful
accounting of the Earth’s motion, and combining the daily, monthly, and annual modulation
of frequencies would allow a determination of the components of dark matter velocity lying
along the plane of the Earth’s rotation, Moon’s orbit, and Earth’s orbit, respectively.
4 Discussion and Conclusion
Modulation in dark matter direct-detection experiments is generically expected due to the
motion of the Earth and the gravitational effects of the Sun, Earth, and Moon. Study of the
modulation provides a useful tool for distinguishing signal events from background for both
WIMP and WISP searches. Annual modulation is the most prominent and readily detectable
type of modulation. However, there are several potential sources of background which also
experience annual modulation, which motivates a deeper understanding of the expected time
dependence of dark matter signals.
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Let us now briefly examine diurnal modulation for WIMP searches, which we have so
far ignored. The rotation of the Earth imparts a velocity to the detector with magnitude
vrot ≈ 0.46 cosϕ0 km/s relative to the center of the Earth, where ϕ0 is the geographical
latitude of the detector. This motion results in a daily modulation of the dark matter
scattering rate which is approximately (2.2 cos ϕ0)% of the annual modulation, or about
(0.066 cos ϕ0)% of the mean rate [33].
6 On the other hand, the effect of gravitational focusing
due to the Earth is more complicated than for the Sun or Moon: for a detector near the
surface of the Earth, many particles will have passed through the bulk of the Earth before
arriving at the detector, and a formula like Eq. (2.5) is no longer sufficient to calculate the
effect of the Earth’s gravity on each particle’s velocity; energy conservation still dictates
that v2∞,e = v2 − u2esc,e, but the angular dependence of the focusing will be complicated.
Despite these complexities, we can naively estimate the size of the focusing effect to be
(uesc,e/v)
2 ≈ 0.14% of the mean rate for particles travelling at 300 km/s, which is more than
twice as large as the effect of the rotational speed of the Earth. Additionally, the eclipsing
of the incoming flux of dark matter particles by the bulk of the Earth (separate from the
focusing effect just mentioned) contributes to diurnal modulation, and the size of this effect
depends upon the dark matter properties as well as the geographical location of the detector
[31, 34, 54, 55]. Since the diurnal modulation of dark matter scattering rate results from a
combination of these three effects, making definite predictions for the expected modulation is
challenging. In addition, there are daily cycles which affect potential sources of background.
Therefore, despite the larger expected amplitude of daily modulation, a detection of monthly
modulation in a WIMP dark matter experiment would provide more conclusive evidence in
favor of dark matter than would daily modulation.
The DAMA experiment has observed an annual modulation whose magnitude is (0.0112±
0.0012) cpd/kg/keV [17]. If this modulation is indeed due to dark matter, one should ex-
pect a monthly modulation with an amplitude of roughly 4 × 10−6 cpd/kg/keV, which is
unfortunately far below the current sensitivity of the experiment. Thus, it seems as though
very significant improvements in WIMP detector technology and exposure will be required
in order to observe monthly modulation. Even in the absence of a detection, however, char-
acterizing the expected signal under the simplest assumptions is still a useful exercise. The
annual, diurnal, and monthly modulation describe the most important contributions to the
time dependence of the expected dark matter event rate which vary on human time scales. A
full understanding of the predicted event rate improves our ability to discriminate signal from
background, for example, by providing null tests for experiments without sufficient exposure
to detect monthly modulation.
Nevertheless, given that monthly modulation in WIMP direct-detection experiments is
observable in principle and can be used to distinguish dark matter events from background,
we considered it in some detail in this work. We examined both the motion of the Earth
around the Earth-Moon barycenter and the gravitational focusing due to the Moon and
found that the former was the dominant contribution to monthly modulation, being almost
completely unaffected by the latter. In addition to the expected monthly cycles in the rate
count, the annual envelope is a unique marker that would aid in characterizing a detected
signal. Though the expected amplitude of monthly modulation is quite small and thus
difficult to detect, any detection would provide distinct, model-independent support for an
6Following an analysis similar to that in Sec. 3.1.1 shows that both the sidereal and synodic daily periods
of the Earth’s rotation will contribute to the diurnal modulation, leading to an annual cycle in the amplitude
of the diurnal modulation.
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interpretation of a modulating event rate in terms of dark matter.
On the other hand, monthly modulation of the signal frequency in WISP dark matter
searches is large enough to be detectable with current technology and in general cannot be
neglected in high resolution searches like those currently underway with ADMX. Both the
motion of the Earth around the Earth-Moon barycenter and the time-dependence of the
gravitational focusing due to the eccentricity of the Moon’s orbit contribute to the monthly
modulation of the frequency. While these effects are less important for lower resolution scans
or for broadband WISP searches, they will become very important for a detailed study of
the dark matter velocity distribution in the event of a detection of WISP dark matter.
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A Coordinates
Figure 7: Schematic drawing of orbits of Earth, Moon, and Earth-Moon barycenter. The
Earth-Moon barycenter, represented by a brown cross, orbits the Sun (yellow) in
an ellipse which is spanned by ǫˆ1 and ǫˆ2. Meanwhile, the Earth (blue) and
Moon (violet) orbit the Earth-Moon barycenter on similar ellipses which lie in a
plane spanned by ǫˆ1,m and ǫˆ2,m. This diagram is not to scale.
In this appendix, we describe the various position vectors, velocity vectors, and coordi-
nate systems that appear throughout this work. We follow the treatment in [33], adopting
the same conventions and notation. All times are measured in days relative to J2000.0. We
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describe the orbits in terms of mean orbital elements which we will approximate as con-
stants. This is a reasonable approximation for the description of the orbit of the Earth-Moon
barycenter about the Sun, but is a poor approximation for the description of the orbits of the
Earth and Moon about the Earth-Moon barycenter. This will not affect the main points pre-
sented in the paper, but more accurate results could be obtained by including the evolution
of the orbital elements or relying instead on ephemeris data for the positions and velocities
of the Earth and Moon.
For a classical Keplerian orbit, given the length of the semi-major axis a, and the
eccentricity e, the central body is located at a distance f = ae from the center of the ellipse.
If tp denotes the time of periapsis (closest approach) of the orbiting body, the mean anomaly
g(t) evolves via
g(t) = ω(t− tp) , (A.1)
where ω = 2pi/T and T is the orbital period. The true anomaly ν, which is the geometric
angle in the plane of the ellipse between the periapsis and the orbital body at time t, is given
by
ν ≃ g(t) + 2e sin g(t) + 5
4
e2 sin 2g(t) , (A.2)
where we have kept terms through order e2. The distance between the bodies at a given ν is
specified by the relation
r(t) =
a(1− e2)
1 + e cos ν
, (A.3)
and the longitude λ(t) is
λ(t) = λp + ν , (A.4)
where λp is the longitude of the periapsis. The position of orbiting body then, is given by
r(t) = r(t) (− sinλ(t) ıˆ+ cos λ(t) ˆ) , (A.5)
where ıˆ and ˆ are orthonormal unit vectors that span the plane of the orbit, and ˆ is taken
to be the reference direction.
We now describe the motion of the Earth relative to the Sun in two parts: first we
will specify the motion of the Earth-Moon barycenter about the Sun, then we will detail the
motion of the Earth (and Moon) about the Earth-Moon barycenter. For the purposes of
this calculation, we will assume that the barycenter of the Solar System remains fixed at the
center of the Sun.
Using the equations from above, the motion of the Earth-Moon barycenter relative to
the Sun is given by
rbs(t) = rbs(t) (− sinλbs(t) ǫˆ1 + cos λbs(t) ǫˆ2) , (A.6)
where ǫˆ1 = (0.9940, 0.1085, 0.003116) and ǫˆ2 = (−0.05173, 0.4945,−0.8677) are orthonormal
unit vectors (given in Galactic coordinates) that span the ecliptic plane, and the relevant
orbital elements are abs = 1.4960 × 108 km, ebs = 0.016722, Tyr = 365.256 days, tp,bs =
1.70833 days, and λp,bs = 102.937
◦ [33, 56].
There are a few additional complications in describing the motion of the Earth about
the Earth-Moon barycenter. First, Eq. (A.3) gives the distance between the orbiting bodies,
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but we would instead here like to know the position of the Earth relative to the barycenter,
not the Moon. This distance is in fact given by
reb(t) =
rem(t)
1 + MeMm
, (A.7)
and a similar relation describes the distance between the Moon and the barycenter:
rmb(t) =
rem(t)
1 + MmMe
. (A.8)
Next, the Earth and Moon orbit about the Earth-Moon barycenter on similar ellipses which
lie in a plane which is inclined relative to the ecliptic. To define their orbits then, we will
need to define new unit vectors, ǫˆ1,m and ǫˆ2,m, which span their barycentric orbital plane.
To construct these unit vectors, we begin with ǫˆ1 and ǫˆ2 and perform two rotations. The
first is a clockwise rotation by the longitude of ascending node Ωem = 125.08
◦ of the Moon’s
orbit with respect to the ecliptic, about the vector ǫˆ3 ≡ ǫˆ1× ǫˆ2. Then, if we denote as ǫˆ′2 the
vector resulting from the rotation of ǫˆ2, the second rotation is anti-clockwise by the angle of
inclination iem = 5.16
◦ about ǫˆ′2 [57]. In terms of rotation matrices,
 ǫˆ1,mǫˆ2,m
ǫˆ3,m

 =

cos iem 0 − sin iem0 1 0
sin iem 0 cos iem



 cosΩem sinΩem 0− sinΩem cos Ωem 0
0 0 1



 ǫˆ1ǫˆ2
ǫˆ3

 , (A.9)
and so we find ǫˆ1,m = (−0.6025, 0.2628,−0.7536) and ǫˆ2,m = (−0.7837,−0.3738, 0.4961), in
Galactic coordinates.
We can now write the position of the Moon relative to the Earth-Moon barycenter in
the notation above:
rmb(t) = rmb(t) (− sinλem(t) ǫˆ1,m + cosλem(t) ǫˆ2,m) , (A.10)
where the orbital period is Tsid = 27.3216 days, and the orbital elements are aem = 3.8470×
105 km, eem = 0.0554, tp,em = 18.4493 days, and λp,em = 318.15
◦ [57]. The position of
the Earth relative to the Earth-Moon barycenter is then constructed from the same orbital
elements:
reb(t) = −reb(t) (− sinλem(t) ǫˆ1,m + cos λem(t) ǫˆ2,m) . (A.11)
Given Eqs. (A.6) and (A.11) then, the description of the Earth’s position in the Solar
frame, including its motion around the barycenter, is given by
res(t) = reb(t) + rbs(t) , (A.12)
and ves(t) = r˙es(t). Analogously, the position and velocity of the Moon in the Sun’s frame
are given by
rms(t) = rmb(t) + rbs(t) ; vms(t) = r˙ms(t) . (A.13)
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